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Abstract

Modern concepts in the safe and economical design of components and structures need modern material models,
which describe the material behavior more correctly. In high temperature design, the study of creep damage accu-
mulation and its influence on the deformation behavior is very important. For ductile materials large deformation takes
place at the level of damage appearance. Damage is anisotropic in nature. In this paper an anisotropic damage me-
chanics model based on a continuum damage mechanics (CDM) has been developed to model creep behavior of single
crystal superalloys. Using the theory of CDM, the slip system model coupling with anisotropic damage model is de-
veloped. The model is formulated in the context of irreversible thermodynamics and the internal state variable theory.
The distinguishing characteristic of the proposed constitutive model is that, by construction, the corresponding in-
cremental stress—strain relations including damage evolution equation derive from a thermodynamical framework. The
finite element program ABAQUS has been used and the slip system model is written using a user material subroutine.
The numerical simulations show that the developed damage crystal model can reflect the microstructure such as the
lattice orientation, self- and latent-hardening and rate sensitivity has great influence on the creep and damage devel-
opment.
© 2002 Elsevier Science Ltd. All rights reserved.
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1. Introduction

Deterioration of an engineering component may occur in various ways depending on its operating en-
vironment and service loading conditions. It is a common phenomenon that at different service conditions,
engineering components undergo creep deformation, which is accompanied by the nucleation, growth and
coalescence of microcracks and microvoids, called creep damage. For inelastic analysis it is necessary
consider material damage for designing components. As the creep damage has continuum property, con-
tinuum damage mechanics (CDM) recently find wide application to creep analysis for engineering
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components and structures. During the past two decades much research has been concentrated modeling
the progressive material degradation (material damage), which occurs prior to the initiation of a macro-
scopic crack.

In the classical continuum mechanics of solids, the elastic—plastic constitutive equations of a material
satisfy the general thermodynamic principles under the assumption of a continuous material regardless of
deformation amount. That is in the classical theory of plasticity, a material undergoes infinite plastic de-
formation without cracking since no criteria on the crack initiation and propagation are defined. Thus it
cannot describe the global stiffness degradation due to microvoids and microcracks grown in the material
during large deformation. In fracture mechanics, the energy dissipation during crack propagation and
unstable sudden cracking can be estimated based on the assumption of prescribed initial cracks. As a
consequence, the fracture mechanics approach focuses on the characteristic behaviors at the crack-tip zone
for the given geometry of a crack. In circumstances where the defects are described in a statistically ho-
mogeneous manner, it is advantageous to model the mechanisms associated with material degradation
within CDM, because both fracture and plasticity theories as well as other phenomenological material
modeling approaches cannot treat material constitutive relations differently for virgin and damaged parts of
a material at the same time.

CDM originated in the early works of Kachanov (1958) and Rabotnov (1968), who considered creep
rupture of metals under uniaxial loading. Later, the concepts were extended to model fatigue (Chaboche
and Lesne, 1988; Dufailly and Lemaitre, 1995), creep (Hayhurst, 1972; Cocks and Leckie, 1987) and ductile
plastic damage (Lemaitre, 1985; Rousselier, 1987; Shin et al., 1997; Lammer and Tsakmakis, 2000). Most of
these concepts are embedded in the thermodynamics of irreversible processes and the internal state variable
theory. To model isotropic damage processes, it suffices to define a scalar damage variable D, representing
in some sense the progressive material degradation due to the loading process (Lemaitre and Chaboche,
1990). Ductile materials undergo large plastic deformation before fracture occurs. Damage due to initiation
and growth of microvoids and microcracks is anisotropic in nature. Therefore the use of single parameter
damage models, which assume isotropic damage, is strongly limited. Motivated by the results of micro-
scopic investigations, a CDM-based anisotropic damage model has been developed. A second-order
symmetric tensor is chosen in this model as the thermodynamic state variable describing the anisotropic
damage. The damage evolution law is established under the thermodynamic restrictions. It is assumed that
the tensile principal stresses are responsible for the damage growth, and the anisotrophy of the damage
evolution depends on the principal directions of the stress and damage tensor. In this way, the damage-
induced anisotrophy is also considered. For anisotropic damage, several models have been developed by
Murakami and Ohno (1981), Chow et al. (1991) and Ju (1989).

Single crystal superalloys are of increasing importance, especially in the turbine industry. Viscoplastic
damage approaches and life-time prediction under multi-dimensional loading conditions are of great in-
terest. Mechanical properties of single crystal superalloys are strongly anisotropic and nonlinear. Recently
much attention has paid on the development of constitutive models to describe deformation of superalloy
single crystals. There have at least two ways on such aspect research. The first is the extension of phe-
nomenological creep models to account for material anisotropy using orientation functions (Li and Smith,
1998; Qi and Bertram, 1998, 1999). Qi and Brocks (2000) developed a kind of anisotropic damage model
which is coupled with the unified viscoplastic model to simulate the creep damage and deformation of single
crystals at high temperatures. The second involves single crystal models considering slip on specific slip
systems (Ghosh et al., 1990; Meric and Cailletaud, 1991; Jordan et al., 1993; Brehm and Glatzel, 1998;
MacLachlan et al., 2001).

The work described here falls into the second way. An engineering component, which is operated at high
temperatures for a long period of time, undergoes viscoplastic deformation and damage. The crystalline
viscoplastic constitutive model, based on continuum slip theory find more and more application to the
simulation of viscoplastic behavior of single crystals and polycrystals. However, it does not consider ma-
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terial damage. They are therefore not able to predict life time and to describe tertiary creep. According to
the effective stress concept of CDM, an anisotropic damage model is coupled with the single crystal vi-
scoplastic model by replacing the stress tensor in it by an adequate defined effective stress tensor. The model
is formulated in the context of irreversible thermodynamics and the internal state variable theory. The
distinguishing characteristic of the proposed constitutive model is that, by construction, the corresponding
incremental stress—strain relations including damage evolution equation derive from a thermodynamical
framework. Theoretical prediction of creep behavior and damage development for single crystal are pre-
sented and discussed.

A description of the notation used in the paper follows. Tensors and vectors will be denoted by bold-face
letters (e.g. F, T). The following definitions for operation are used: AB = A; By e; ® e;, where ® denotes the
tensor product and e; a Cartesian basis, A : B = A;B;;. A superscript —1 indicates the inverse of a tensor,
superscript T indicates its transpose and superscript —T indicates the transpose of its inverse.

2. Description of anisotropic damage
2.1. Isotropic damage in one-dimensional deformations

It is well-known that the creep process of metal is accompanied by the nucleation, growth and coales-
cence of microcracks. The simplest but widely accepted material damage is isotropic damage and fictitiously
considered as the ratio of the reduced area to the cross-sectional area. Physically, isotropic damage consists
of microcracks, microvoids and cavities with uniformly distributed orientation in all directions.

To model isotropic damage processes, scalar damage D can be expressed as

A—A* A*

=]l —-——=1- 1
y y n (1)

D

where A is the original, undamaged areca and A4* is the effective area after damage occurs. Then, the effective
Cauchy stress (6) which is the real stress acting on area A* can be written by

G§=0/n=0/(1—-D) (2)

where ¢ is the Cauchy stress. From a mathematical point of view, D = 0 characterizes the undamaged or
virgin state, whereas D = 1 corresponds to the rupture of the element into two parts. Here for a one-
dimensional state of stress, # is a scalar quantity which cannot treat the dimensional characteristic of the
internal damage. In the general case of three-dimensional deformations and damage, the nature and the
definition of effective stress become more complex.

2.2. Anisotropic damage

A microcrack or microvoid has the directional characteristic in three-dimensional states of deformation.
Thus, an isotropic damage model has limitations for multi-dimensional states of stress. It is widely rec-
ognized that the damage process in metals is generally anisotropic, even if the material is initially isotropic.
For single crystals both the initial material anisotropy and the induced anisotropy due to damage must be
taken into account. In the stress—strain relations of a material deteriorated by the evolution of damage,
internal variables (damage variables) for the description of the material damage represents the stiffness
variations. The predictive capabilities of a damage model depend strongly on its particular choice of
damage variables. The geometrical properties of a given state of microcracks may be described, in a
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continuum sense, by a second-order symmetric tensor. This method has been widely used to represent
anisotropic damage state in the anisotropic damage model proposed by Chow and Wang (1987a,b), which
has been successfully employed to describe the creep and damage evolution of nickel-based superalloys in
the high temperature regime by Qi and Bertram (1998, 1999).

The deformation behavior of material considering damage can be, according to the effective stress
concept of CDM, described by any deformation constitutive equation when the stress tensor is replaced by
an adequately defined effective stress tensor 6. That means, the influence of both stress and damage state on
the deformation behavior can be represented by a so-called effective stress. The effective stress in the present
model is defined as:

6=(I-D)"?.¢.-1-D)"? (3)

where ¢ and I denote the stress tensor and the identity tensor of rank two, respectively.

2.3. Kinematics, strain and stress measure

Let F (det F > 0) be the deformation gradient tensor and
F=F.F (4)

the multiplicative decomposition of F into elastic and plastic parts. F? is the plastic deformation gradient
due to shearing along crystallographic slip planes, and F¢ is the elastic deformation gradient which includes
any rigid rotation of the lattice. The transformation FP introduces a so-called plastic intermediate con-
figuration denoted by R.. In the reference and current configuration the material body occupies the regions
R; and R, in the three-dimensional Euclidean point space, respectively. For later reference, we introduce the
relations

L =FF~' D’ =YL +L") (5)

Further, we denote by ¢ the Cauchy stress tensor, by t the weighted Cauchy stress tensor,

1 = (det F)o (6)
and by
T=F "tF" (7)

the second Piola—Kirchhoff stress tensor relative to IAL.
The elastic behavior is modeled using a constitutive law written in the intermediate configuration,

T=¢:E (8)

where & is a fourth-order elasticity tensor. The elastic response was assumed to be isotropic, so that the
elasticity tensor takes the form

E=2um+i(101)

where u and 4 are Lamé’s constants, and @ and 1 are the symmetric fourth-order and second-order identity
tensors, respectively. The strain measure is given by the Green strain tensor E°, defined as

E=}C-1) C=FF 9)

where C° is the elastic right Cauchy—Green tensor.
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3. Thermodynamic framework of continuum damage mechanics

The characteristics of macroscopic behaviors of a material depend completely on the thermodynamics
state of the material, which can be defined by a number of independent variables, i.e. state variables. The
state variables are classified into two groups; one contains the observable variables that can be observed
externally and the other contains the internal variables related to the deformation history and energy
dissipation process, which cannot be measured by the current deformed state of deformation.

In the classical thermodynamics principles, the second law of thermodynamics provides the well-known
Clausius—Duhem inequality in terms of state variables and the Helmholtz free energy density. However, in
order to describe the mechanical energy dissipation process, especially for evolution equations of flux
variables, a complementary formulation of Clausius—-Duhem inequality could be applied. For this, the
thermodynamic framework of the CDM approach proposed by Lemaitre and Chaboche (1990) is adopted
in this study.

3.1. Effective elastic stiffness tensor
For undamaged material, the elastic complementary energy is defined as
Weo)=1lo:&" 0 (10)

where &' is the inverse of elasticity tensor. According to the hypothesis of equivalence of elastic energy
(Chow and Lu, 1989), the elastic energy of damaged material can be obtained as follows:

W(e,D)=16:¢":5 (11)

3.2. Formulation of elastic—plastic damage constitutive equation

In plastic damage problems, the hardening effect of a plastic deformation can be assumed to have no
coupling effects with any other internal variables. Then the Helmholtz free energy  can be written in a
decomposed form of elastic term {° and plastic term {* (Shin et al., 1997; Ortiz and Stainier, 1999)

U=y (C, D) + (") (12)
where
V(C,D)=1g:8":6=1E: & E (13)

Due to the restrictions of the principle of material frame indifference the elastic part of the Helmholtz free
energy \° is formulated most generally in terms of the elastic right Cauchy-Green tensor C°. For an ac-
count on this argument refer (e.g. Mieche and Stein, 1992). An additional scalar internal variable y* is re-
sponsible for isotropic hardening and is the argument of the plastic part of the Helmholtz free energy \°.

In view of isothermal deformation with uniform temperature distribution assumed in this paper, the
Clausius—Duhem inequality is expressed in the effective second Piola—Kirchhoff stress tensor T relative to
R, and plastic Lie derivative of the right Cauchy—Green tensor °(C®) (Steinmann and Stein, 1996; Miche
et al., 1999)

IT.2(C) =y =0 (14)
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Taking into account the definition of the plastic Lie derivative of the elastic right Cauchy—Green tensor
(Steinmann and Stein, 1996; Miehe et al., 1999)

PC)=FT.C.F ! =C +2[Cc- PP (15)
From Clausius—Duhem inequality (14) and using (12) and (13), we get

li-ep(ce)_\],—li-ceﬂce.f]- P ' Za"’p ae1’)>o (16)
20 T2 ' ace' =

In order to ensure that (16) is satisfied for every admissible process, we require

a
(R (17)
and
~ p € .
[C°-T]:LP — aa\'ly!z"y“—aa‘lll):DZO (18)

We note that the elastic relationship (17) is similar to Eq. (8), while in (17) we have considered the damage
that is different from Eq. (8). We define

opP o°

* = Yp = — 19

& oy* P oD (19)

here Yp is the thermodynamic force associated with damage, called damage driving force. We have

(€T LP = g+ Yp: D >0 (20)

It can readily see that the inequalities
M= [C-T|:LP=> g >0 (21)

are sufficient conditions for (20) to be satisfied.
To this end, the principle of maximum dissipation in its penalty formulation with ¥, a reference shear
strain rate, i.e. the penalty parameter, and ®*( ) monotonic increasing penalty functions is written as

~ 1 .
SM(C T, +5 Y 7@ (7, g) — st (23)

with the Schmid resolved shear stress T on slip system o which is characterized by the slip plane normal N*
and slip direction M” in the plastic intermediate configuration, i.e.

=[C°-T):Z* with Z*=M*@N* (24)

T = det(F)F'6F " (25)

Please note that plastic flow is assumed as plastic volume preserving since we have simple shear with
M* L N* for each crystallographic slip system . Typically, for FCC crystals we have o = 12 octahedral slip
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systems all in the {111}(101) slip family with M” parallel to (110) and N* parallel to (111) which may be
activated in a three-dimensional deformation. Then the principle of maximum dissipation renders the as-
sociated flow rule for the plastic velocity gradient

= % > 0O Z7del> 77 (26)

Here,
v = %fyoa,a(l)“ (27)

In the sequel the penalty function ®@* are chosen in the sense of a Norton creep law as

2ga e (17k)+1
O — r 28
k+1|g (28)
to render the evolution equations
o |k
7" = Yosgn(t’) pr (29)
= (C°-T): Z* (30)

Often the hardening law is stated more generally in rate form for each slip system « (e.g. Asaro, 1979 or
Hill, 1966 or Peirce et al., 1983), with h,; the hardening moduli as

Zhﬁ (D3’ with Y—ZWI (31)

and
b,y = gh(y) + (1 - q)h(x)3, (32)
where
h(y) = ho sech2(£> (33)
Ts — To

Now please note Eq. (22), in order to derive the constitutive equation without violating the second law of
the thermodynamics, we introduce a simple expression of damage dissipation potential (Qi and Bertram,
1998, 1999)

4)
(I)D = %YD : S YD (34)
4)
where S is a fourth-order tensor, called structure tensor. The damage evolution law is then given by
. 0®p
D= = Y
Ny g D (35)

4)
If the fourth-order tensor S is symmetric and positive-define, the thermodynamic restrictions will be au-

tomatically satisfied (Germain et al., 1983; Krajcinovic, 1983).
Note that the damage driving force is responsible for the evolution of damage. Damage development is
affected by many factors. While current state of stress and damage mostly influence damage evolution. The



5286 L. Feng et al. | International Journal of Solids and Structures 39 (2002) 5279-5293

influence of temperature is supposed to be represented by the temperature dependence of material pa-
rameters. The damage driving force for materials is postulated

3
Yp = (8)" =) (6)"0 @7 (36)
=1
where m is a material parameter, 6; and nf are the ith eigenvector of the damage active stress 6 respectively,
and (-) are McCauley brackets.
Following the idea of effect stress, a so-called damage active stress tensor 6 is introduced to represent the
effect of both stress and damage on the damage evolution. The damage active stress tensor is defined
similarly to the effective stress tensor as:

3
6=(I-D)"-c-(I-D)" =) &m0 (37)
i=1

where n is a material parameter, which is used to distinguish the effect of damage on the damage growth
from the deformation rate.

Microscopic investigations show that the tensile principal stresses (not only the maximum principal
stress) are responsible for the growth of microcracks and that the damage often develops perpendicu-
larly to the principal directions of the stress tensor. It is therefore assumed that only the tensile dam-
age active stresses are responsible for damage evolution, and the anisotropy of damage growth depends
on the principal directions of the damage active stress tensor. The structure tensor in (35) is supposed to
relate the material structure to damage. Consequently, the damage law (35) takes the following particular
form:

. 4) 4)
D=S:Yp=4plxl+(1-41]:(6)" o (38)

where 4y, f and m are material parameters, and I denotes the fourth-order identity tensor. The structure
tensor describes the isotropy—anisotropy behavior of damage evolution. It is easy to see that f =1 cor-
responds to the totally isotropy damage evolution, and § = 0 totally anisotropic. (In this sense, the damage
will develop perpendicularly to the principal damage active stresses and there is no isotropic part of
damage.) Note that biaxial tests are needed for the determination of the anisotropy parameter f3.

The damage law (38) can be rewritten as:

) 4) PO @ /6 \"
D—(ﬁI®I+(l—ﬁ)I):<B> :(ﬁI®I+(1—B)I):Z<’> n @ n; (39)

0 i=1

This formulation is advisable for the identification of the material parameters. The new material parameter
By is used in (39) instead of A4, in (38).

i=1

]'):[/31®I+(1—,B)(i)]:§:<%> A’ ® 0’ (40)
0

In summary, then, the crystal elastic—viscoplastic constitutive model coupling with anisotropic damage
for large deformations can be written as:

e Crystal elastic—plastic constitutive model

I

o

7 = Tosgn(t)
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e Hardening law

g(17") =Y hy(IY| with 7= |y
B o

haﬁ = qh('Y) + (1 - q)h(Y)Saﬁ

h
h(y) = hysech® (i>

Ts — To
o Effective stress

e Damage evolution law

. @ /e \ .,

D=[plol+ (1 —ﬂ)I]:Z<B—O> A’ ® A
e FElastic constitutive law

T= E:E°

T = det(F*)F'6F T

4. Numerical calculations and discussions

In order to verify the validity of the proposed constitutive model, a non-linear large strain problem is
considered. The proposed single crystal elasto-viscoplastic damage evolution equations are incorporated
into the ABAQUS finite element software.

In the work by Qi and Brocks (2000), the material parameters of Chaboche model for IN 738LC at 850
°C determined by Olscheqski et al. are given and three creep test curves are presented. Elastic moduli
E = 149.65 GPa, Poisson’s ratio y = 0.33. The material parameters of crystal plasticity for IN 738LC at 850
°C are estimated by trial calculation and they are: £ = 0.05, 7y = 230 MPa, 7, = 265 MPa, 4, = 2200 MPa,
g = 1.0. The corresponding material parameters of the damage model are adopted from the work of Qi and
Brocks (2000) (f = 0.5, n = 0.4, By = 1280 MPa, m = 12). The test curves and simulation curves using the
proposed model are showed in Fig. 1.

Next we simulate the creep strains with and without damage under various constant loads for the three
extreme orientations. The influence of the crystal orientation on the mechanical behavior was the most
striking characteristic of single crystals. Figs. 2-4 show the simulated strains of the creep and damage
development by using the single crystal model with damage under various constant loads for [00 1], [011]
and [1 1 1] orientations, respectively. Note that the time scale of the figures for different orientations differs
widely. These figures show that the used damaged model can reflect the anisotropic damage development
and its influence on the anisotropic creep behavior.
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Fig. 1. Experiments and model predictions.
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Fig. 2. Creep modeling coupling with damage for [00 1] orientation.
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Fig. 3. Creep modeling coupling with damage for [0 1 1] orientation.
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Fig. 4. Creep modeling coupling with damage for [1 1 1] orientation.

Comparison the results of the calculations by the model with and without damage are shown in Figs. 5-7
for three orientations. It can be seen from these curves that the creep rate calculated by the present model is
always larger than the one calculated by the model without respect to material damage. The effective stress
increases during the loading process and thus causes the material damage development. The coupled model
with damage simulates the complete creep behavior till rupture, and can be used for the prediction of life
time.

There is strong microstucture evidence that the significant components of the hardening matrix
should be those causing self- and latent-hardening of the slip systems (MacLachlan et al., 2001). Our
numerical simulation draw the same conclusion. Figs. 8 and 9 show the creep strains and damage devel-
opment for three values of the latent hardening ratio ¢ for [001] orientation and [01 1] orientation
respectively. The large value of ¢ means the strong influence of latent hardening. We can see from these
curves that the values of ¢ have great influence on the creep properties of single crystals. When loading
along different orientation the influence of latent hardening on the development of creep and damage is
different.

0.20
A damage
0.16 B creep with damge
C creep without damge
=
g 0.12 4
&
8 0.08
O
0.04
0.00 F— , , ; ;
0 30 60 90 120 150

Time [h]

Fig. 5. Comparison between creep model and creep model coupling with damage for [00 1] orientation (¢ = 360 MPa).
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Fig. 6. Comparison between creep model and creep model coupling with damage for [0 1 1] orientation (¢ = 360 MPa).
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Fig. 7. Comparison between creep model and creep model coupling with damage for [1 1 1] orientation (¢ = 360 MPa).
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Fig. 8. Creep strains and damage development for three values of the latent hardening ratio ¢ for [00 1] orientation (¢ = 350 MPa).
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Fig. 9. Creep strains and damage development for three values of the latent hardening ratio ¢ for [0 1 1] orientation (¢ = 350 MPa).
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Fig. 10. Creep strains and damage development for three values of the latent hardening ratio m for [00 1] orientation (¢ = 350 MPa).

The effects of rate sensitivity are also explored in calculations. For the crystal model described above it is
found that the strain rate sensitivities of single crystals have very significant effects on the development of
creep. Fig. 10 shows the creep strain curves for three different values of k. It is found that increasing k
causes a significant increase in the creep strain and damage development. This demonstrates that rate
sensitivities which might easily be ignored in the analysis have noticeable influence on the creep and damage
development.

Recent measurements of lattice rotations occurring during single crystal creep at different orientations
using electron back scattered diffraction technique have indicated that the activate slip systems at different
temperature are different (Kakehi, 2000; MacLachlan et al., 2001). In present research we only consider
{111}(101) family of slip system. But the model can easily be extended to more family of slip system such
as {111}(112) systems.

While no attempt has been made here to quantitatively match the results of the simulation with ex-
perimental result, it has been shown that the material model proposed here can capable of qualitatively
predicting the microstructure of single crystals such as the lattice orientation, self- and rate-sensitivity has
great influence on the creep and damage development.
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